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Owerview of the Activity
You are going to turn your students into an ensanble of random
walkers. They will start at (approximately) the same point, follow
diler ent random paths, and spread out (diffuse) accadingly.
After 20 steps, a bird@ eye view of your classwill be like this:

Total Distance f or n = 20 steps



Philosophicad Background |

» Statigticsis largely about variation: how to de<ribe it, how to
extract information from it, how to structure it through
sanpling or experimert.

» In my clasgoom adivities | like to have the students each
perform the same adivity, but randomized in someway so
that the classas a whole savesas a sampling distribution.
Doing this makes it clea to students that the interpretation of
their own, individual resut makesthe mog sersewhen put in
the context of the variability among the students.



Simulations and the Compuer

The computer is an indispenseble tool for carrying out simulations.
» It makesit easyto undertake statistica computations
» It allows a random sample easly to be sekcted from a Ple.
» It allows repetition to be automated.

Most of my classoom activities involve the computer in some
esertial way.

For todayOsadivity, | wanted something that doesn® require a
computer.



Why No Computer Today?

The reason is that many instructors and students don® have ready
accessto a computer, or donOtuse sotware that makes it easy to
randomize or reped. Thisis a shame. Randomization and
repetition are certral to statistica reasoring and students ougit to
havethe tools to carry them out.

| hope that this activity will help to convince instructors that
randomization (whether in sampling or in pemmutationgre sampling
of existing data) can provide important insight for students.
Computation is not just about getting the resut in one situation,
but being able to place that realt in the context of the resuts that
might have happered in a diler ent random realization.



Some Simulationsthat Usethe Computer |

In each of these, | have the studerts in the classperform sone
computation based on either a random sample of data or a
randomization of the same data.

» Sampling distribution. Students draw a random sample from a
popuation and all cdculate the same sample statistic:
perhaps the mean or a regresson coe" cient. The reaulting
distribution reeds sampling variability.

» Resampling distribution. Similar to the above, but the random
sample is basal on drawing from an exsting sanple with
repacement: bootstrapping.

» Covelage. Students compute a popuation parameter. Then
they draw a sample from the population and compute a
conbcence interval on a sample statistic. (A 50% level works
well.) How many of the dile rent studerntsCconbderce
intervals include the population parameter?



Some Simulationsthat Usethe Camputer I

» Power. Students compute a population parameter, eg. a
diler ence in group means or a regressbn coe” ciert. Then
they draw samplesof some size n and carry out a hypothesis
test on the carespnding sample statistic. How often do they
rejed the null hypothess? How doesthis deperd on the
sanple size n?

» Tabulated distributions. Students carry out a hypothesis test
(on a random sample from randomized data, so the null is
true) and report the tes statistic, for instance the t-value or
the F value in ANOVA. We then compare this distribution to
the tabulated version.

» Signipcance Like the above but students look to see how
often they can rejed the null hypothesis. | like to do this
where the data involve multiple groups, and have the students
corsider the single loweg p-value when deciding whether they
haveOfound somehing.O



Arranging a Random Walk |

1.

2.

Provide each of your students with a unique seies of about 40
random angles, between 0 and 360 degrees.

Go to theOaena,Oa large open area with a radius of about 10
pacesand with a clearly debred boundary.

Mark a point in the middle as the starting point.

In front of your students, pace out the distance from the
starting point to the boundary of the arera. Let® assume that
this is 10 steps.

Ask your students how many steps it is going to take them to
get from the center to the boundary. Remind them that they
will be taking a random walk.

This stepis critical in forming student understanding. In my
experience, almost all students will assune that the random
nature of the walk imposes some bxedine" ciercy. So, instead
of taking 10 stepsto get from the certer to the boundary,
they think it might take 20 or 30 stefs.



Arranging a Random Walk 11

6.

11.

Have your students crowd together (politely) near the center.
Ask themto estimate their standard deviation: the typica
distance from the center.

. On your command, have them turn by their brst random angle

and take one step. Once this is done, ask for the standard
devition.

. Repea: another random turn and a step. Again, ask for the

standard deviation.

. Repeda this several times.
10.

Ask themto take steps on their own until they have taken 20
steps altogether. Point out that few peode are nea the
boundary.

Ask themto take more steps on their own until they have
taken 40 steps altogether. Teasethem that mod people are
not nea the boundary. Sone are still nea the starting point.



Arranging a Random Walk Il

12. Optiond: Oneat a time, ak the students to paceo! the
direct distance from where they are to the center point.
Record this se of distances.



How the walk will progress

Total Distance f or n = 0 steps

The dart.

Note that the

studerts can® bt .y
exadly at the b
starting point N

there is a certain

spread.



Total Distance f or n = 1 steps

After one step.. ¥ |
The students have n Y

spread out quite a !
lot.



Total Distance for n = 2 steps

After two steps....
The spread I S
cortinuesin a '
disceanible way.



After 3 steps....
It& not obvious
that there is much
more spread with
each step.

Total Distance f or n = 3 steps



Total Distance f or n = 10 steps

After 10 steps... R
The studerts are s gv -
only about twice as N
far as after 3 steps. : ‘



Total Distance for n = 20 steps

After 20 steps... oo e’

Only a few studerts - 77
havereached the . . .
boundary. «



Some Key Questons To Ask Before the Walk

1. How many steps will it take before a typical walker has
reached the boundary?

2. How does this depend on the radius of the arera?
3. How to debPnesensbly aOypica walker?0



An In-class Demo of the Walk

It takes pretty long to conduct the actual random walk in the peld.
An arera of radius 10 steps is the bigges that® usually practicable
giventhe time avaiable. But it@& helpful to be able to show longe
walks.

» After carying out the actual walk, it helpsto repise the walk
badk in the classroom, using a computer to gererate the
picture.

» Then, after showing a walk similar to the one the students
took, carry out walks on much larger arenas.

Software

You can do this with sotware. | provide a simple package that
runs under R but requires littl e or no familiarity with R. Details of
installing the software are given as an appendix.



How the Software Works

1. Start up R by clicking on the ble random-walk.Rdata.

2. At the command prompt, use the startwalk command to
create an arena and popuate it with walkers.

> startwalk( arena=10, nwalkers=100)
This arera has radius 10 steps. There are 1000sudentsO
walking.
3. Use the walk command to take some steps.
> walk(1)

The argument, 1 in this case tells how many stepsto take.
Each additional walk command will add more stepsto the
walk. These will accumulate until you start ove with a new
startwalk command.



A Repiseof the Walk

1. startwalk(arena=10, nwalkers=100)



A Repiseof the Walk

1. startwalk(arena=10, nwalkers=100)
2. walk(1)

i }Al. !



A Repiseof the Walk

1. startwalk(arena=10, nwalkers=100)
2. walk(1)
3. walk(1)



A Repiseof the Walk

startwalk(arena=10, nwalkexrs=100)
walk(1) !
walk(1)
walk(23)

A wbh e




A Longa Walk: Boundary at Radius = 50 Steps

The largerthe arerg, the longer it takesfor a typical walker to
reech the boundary. If the arema is m stepsin radius, it will take
n= m? steps for the typical walker to reach the boundary. For
large m, this can be vely large inded.

1. startwalk(arena=50, nwalkers=100)



A Longa Walk: Boundary at Radius = 50 Steps

1. startwalk(arena=50, nwalkers=100)
2. walk(100)
l !
I, 1t !

| u:'.*;'" L@%" :

After 100 Steps

Hardly any of the walkers are near the bourdary. That® because
after 100 steps, the typicd distance is just +/100= 10, only 1/5 of
the way to the boundary.



A Longa Walk: Boundary at Radius = 50 Steps

1. startwalk(arena=50, nwalliers=1005 |
2. walk(100)
3. walk(400) |

After 500 Steps

The typica walker has gore only \/500 22.3. That( only about
half the radius of the arena.



A Longe Walk: Boundary at Radiys = 50 Steps '
! "
1. startwalk(arena=50, rllwalkérs=1001)
2. walk(100) !
3. walk(400)
4. walk(500) !

After 1000 Steps 1

[
The typica walker has gore a net distancg of only +/1000~ 31s,
so a small proportion of the walkers have reached the bouﬁdary.



The Theory

The typica distance grows as +/n.

Another way to think of this is asthe mean square distance This
grows as n.

This realization is pretty recert. It was the subjed of EingeinOs
paper on Brownian motion in 1905.



Why the Sguare Distance?

Wee interestead in how far your walk took you, not in the
direction;you wert. If you were at postion (x, y), the distance you
travd is x2+ y2. Notice that to get this, you take squares of
each coordinate.

In doing the calculation of distance algelraicaly, we brg brd the
square distance x>+ y? and then take the square root.




Calculaing the Average Distance of a Two-Step Walk

» Two steps of a walk make the legs of a triangle.

» Each leg has length 1 step.

» The nd distance is the length of the third side of the triangle,
opposdte the included angle a.

Examples
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The Included Angle is Rardom

The induded angle is random, anywhere between 0 and 180

degrees.
On avaage theincluded angle is 90 degrees. The typical two step
walk is a right triangle!
S,
\&

%’
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Right Trianglesand the Pythagorean Theorem

The Pythagaean theorem says that the length of the average
2-gep walk is given by the hypotenuse of the triangle:

[two step walk||? = [[step 1|2 + ||step 2I[2.

It@ square lengths that add for a random walk.

So after two steps, the average square length is 2|[step||2. The
length itself is v/2||step||.

The logic can be extended to threestepsand on N just remember
to add the square lengths in the Pythagaean way. After n steps,
the square length is n||step||?, sothe length itseff is /n||step||.



Summary of What We Know

» The net direction is completely random. That® why students
were scattered all ove the place

» The distance is also random, but we make some debnte
statemerts about it.

OBVIOUS: It can® be less than zero. Distancescan® be
negdive!

OBVIOUS: It can® be longer than n steps.

NOT SO OBVIOUS: The typica distance will be /.



Compae to the Purposefu Walk

When you®e trying to get from one place to another, you don®
walk at random. You walk in straight lines.

» Thetotal distance you travelis nx step size

» The averagedistance per step, is 2 x nx step size, or, just

the step size itsdf. Obvious!

For a random walk, things are di'er ent:

» The total distance you travel is random.

» Typically, it haslength \/n x the step size.

» The aveagedistance, per step, that each step takesyou is
1 . . Wl .
7v/n x step sizg or, more corcisdy “= x step size



What @ the Point?

Almost everyone has an intuition about linear growth. In this
sdting, that means that the distance you travel N start-to-end
distance or net distance N grows with the number of steps n in a
linear way.

In a random walk, the net distance grows typically as /n.

Students start this walk with a conception that it will take 10 or 20
or 30 paces to walk to the boundary of the arera, that they will
cower half the distance in the brst half of the walk and the other
half in the seond half of the walk. Obvious. But wrong!
Experiencing the random walk, physicdly, givestime for the les®n
to sink in and hdps students see why their intuition is wrong.



A Rehted Setting: The Stock Market

Stock prices Buctuate, seaningly at random.

Look at minute-to-minute Buduations. You can easiy do this at
sites such as http://finance.yahoo.com/ which update prices
evey 30 seonds or 0.

Show the stock price at the beginning of your class. Then bve
minutes later, and bveminuteslater, and soon. Extrapolate the
growth to the end of the day.

Also note that day-to-day stock price data is readily avalable over
periods of years.


http://finance.yahoo.com/

Leaning Goals |

1. Disrupt, in a menorable way, the intuition most peogde have
that growth is linear. Students expect quartities to grow
linealy with n. But this isn® what happens with random
phenomera.

It@& important to get the studerts, before they undertake the
walk, to estimate how many steps it will take themto reach
the boundary. Then, when they don®get nealy as far as they
expect, they are forced to corfront their intuition.

2. Dewlop an understanding of the reasonwhy +/n is related to
random sums.



Context for Use

» Requires roughy 20 students or more.
» Can be usdl at the introductory or the advanced levd.
» Time neaded

Pre-preparation: Idertify a suitable sdting for the walk: a
large empty space, a bdd, etc.

Preperation in class 5 minutes to exdain the rulesand creae
the random angles.

The walk itself: 15 minutes.

Reviewing the walk back in class. 15 minutes or more
depending on how much depth you go into.



Teaching Materials

» Handout for angles. Seewww.macalester.edu/ kaplan/
ISM/RandomWalkSeminar/random-angles.pdf

» Software for computer simulation. For those who donOtknow
R, here is an R Workspace at
www.macalester.edu/ kaplan/ISM/RandomWalkSeminar/
walk-simulation.Rdata All you haveto do is download this
Ple to your computer, and double click on it to start R. (You
must install R Prst. See wuw.r-project.org.

» If you already know R, here are the functions themsdves to
beOsoucedOnto R: www.macalester.edu/ kaplan/ISM/
RandomWalkSeminar/random-walks.r


http://www.macalester.edu/~kaplan/ISM/RandomWalkSeminar/random-angles.pdf
http://www.macalester.edu/~kaplan/ISM/RandomWalkSeminar/random-angles.pdf
http://www.macalester.edu/~kaplan/ISM/RandomWalkSeminar/walk-simulation.Rdata
http://www.macalester.edu/~kaplan/ISM/RandomWalkSeminar/walk-simulation.Rdata
http://www.r-project.org
http://www.macalester.edu/~kaplan/ISM/RandomWalkSeminar/random-walks.r
http://www.macalester.edu/~kaplan/ISM/RandomWalkSeminar/random-walks.r

Geneating Randan Angles

Each studert needs a list of about 40 random angles between 0
and 360 degrees. It su' cesto round these evenvery coarsdy.

» | havethe students generate theseon their own computers.

» If students have calculators, they can usethe caculators and
gererate the random anglesasthey go. (ItOarder to bnd
mistakes here, so watch out!)

» The page www.macalester.edu/ kaplan/ISM/
RandomWalkWebinar/random-angles.pdf hasseveal sds
of random angles If the studerts are skeptica about the
randomress, tell themto start in the middie and work
badkwards, or to pick whateverangle they want and crossit
o! astheygo, or sonething similar.


http://www.macalester.edu/~kaplan/ISM/RandomWalkWebinar/random-angles.pdf
http://www.macalester.edu/~kaplan/ISM/RandomWalkWebinar/random-angles.pdf

Exercise 1

Ove a period of 100trading days you keep track of the Dow
Jores Industrial Average (DJIA) N a stock market index. During
that time, it went up by $500. This is an increase of $5 per day on
average If the DJIA is a random walk, without any red trerd,
thenthe $500oveaall changeis jug the resudt of summing up
random day-to-day variation. Assuming this is the case,and that
the $500oveall changeis a typical outcome from the random
walk, answer the following questions:

1. What is a good estimate of the typical dollar amount that the
DJIA goesup or down randomly on any one trading day?
15 10 25 50 100 150 200

Supposeyou plan to watch the market for 200 trading days.
Based on the $500change over 100 days, by how many dollars
would you exped the market typicaly to changeN either up
or down N in the next 200 days? Choosethe closest answer:
250 500 750 1000 1250 1500




Exercise 2
You take 100 individual stepsin a random walk and cove
altogether a net distance of 25 meters. (The net distanceis the
straight-line distance from starting point to ending point, as
opposd to the length of the path you followed)
If this particular walk were typical of such random walks, what is
the length of each individual step?
25/100= 0.25 meters
25/4/100= 2.50 meters
v/25/100= 0.05 meters
D] V/25/v/100= 0.50 meters



Install R

To use the random-walk smulation software, you need to install
the R statistics package This is easy and doesn® change the
sdti ngson your computer. There are versions for Windows, Mac,
and Linux.
» To ingall R, you download one Ple using your web browser.
Links to the current version are given below.

' Windows To indall R, execute the downloaded ble. You will
be prompted with several questons; you can accept all of the
default sdtings. Link: http://streaming.stat.iastate.
edu/CRAN/bin/Windows{base/relqase .htm

' Mac 0OS X The bk is aOdsk imageGand will appear in the
Finder as such. To instqll R simply double-click on icon of the
multi-package ®.mpkgCQcontained in the R-2.9.0.dmg disk
image. Link: http://streaming.stat.iastate.edu/CRAN/

More generally you can access the latest version of the
sotware throughthe Download/C RAN link on the main R
web page. You will wart theOlaseQiistribution, which is
distributed as aObnaryOble appropriate for your operating
sveem


http://streaming.stat.iastate.edu/CRAN/bin/windows/base/release.htm
http://streaming.stat.iastate.edu/CRAN/bin/windows/base/release.htm
http://streaming.stat.iastate.edu/CRAN/

Install the sdtware.

All of the usea in this webinar is cortained in a single bPle available
on the web:

» Data/software bPle: http://wuw.macalester.edu/ kaplan/
ISM/RandomWalkWebinar/walk-simulation.Rdata

Useyour browser to download this Ple onto your computer.


http://www.macalester.edu/~kaplan/ISM/RandomWalkWebinar/walk-simulation.Rdata
http://www.macalester.edu/~kaplan/ISM/RandomWalkWebinar/walk-simulation.Rdata

Starting R

To start R, bPrd the walk-simulation.Rdata Ple that you
installed in the previous step. Double-click on it. This should start
R and read in the sotware and data ses. The window should look
something like this:

R Console
~/Deskiop Q

R version 2.7.0 (2008-04-22)

Copyright (C) 2008 The R Foundation for Statistical Computing

ISBN 3-000051-07-0

R is free software and comes with ABSOLUTELY NO WARRANTY.

You are welcome to redistribute it under certain conditions.

Type 'license()' or 'licence()' for distribution details.
Natural language support but running in an English locale

R is a collaborative project with many contributors.

Type 'contributors()' for more information and

'citation()' on how to cite R or R packages in publications.

Type 'demo(}' for some demos, 'help()' for on-line help, or

*help.start()' for an HTML browser interface to help.

Type 'q()' to quit R.

> load("/Users/kaplan/Desktop/ISM.Rdata")

At this point, you can give the commands asindicated in the body
of the talk.



